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a b s t r a c t
This paper considers finite group actions on compact bordered surfaces — quotients of
unbordered orientable surfaces under the action of a reflectional symmetry. Classification
of such actions (up to topological equivalence) is carried out by means of the theory of
non-euclidean crystallographic groups, and determination of normal subgroups of finite
index in these groups, up to conjugation within their automorphism group. A result of this
investigation is the determination, up to topological equivalence, of all actions of groups
of finite order 6 or more on compact (orientable or non-orientable) bordered surfaces of
algebraic genus p for 2 ≤ p ≤ 6. We also study actions of groups of order less than 6, or of
prime order, on bordered surfaces of arbitrary algebraic genus p ≥ 2.
© 2010 Published by Elsevier B.V.
1. Introduction
The main goal of this paper is to determine, up to topological equivalence, all the finite group actions on compact
(orientable or non-orientable) bordered surfaces of algebraic genus p for 2 ≤ p ≤ 6. A bordered surface may be seen
as the quotient space of an unbordered orientable surface under the action of a symmetry with fixed points. This was
realised by Klein, who, after the seminal work by Riemann on unbordered orientable surfaces, initiated the study of groups
of automorphisms of bordered surfaces at the end of the 19th century. Interest in this topic was resumed seven decades
later when the work of Macbeath opened the door to the combinatorial study of groups of automorphisms.
Many results have been obtained since then. Lists of all finite groups of automorphisms of bordered surfaces, however,
are known only for algebraic genus 2 and 3; see [7,5]. The amount of combinatorial data involved increases rapidly with the
genus, and this makes it very difficult to deal with higher genus using the techniques available until now.
The lists of groups given in [7,5] are lists of non-isomorphic abstract groups. Herewe are interested in lists of inequivalent
topological group actions. This is a finer classification, as the same abstract group may act on the same surface in different
topological ways.
In the case of orientable surfaces with empty boundary, the analogous topological classification was carried out for sur-
faces of genus 2 and 3 by Broughton in [4]. Similar results for genus 4 were obtained independently by Bogopolski in [2] and
Kimura in [13]. Topological actions of finite groups and the stratification that they induce in the moduli space of surfaces
of this type have also been studied in recent years — see works by Ries [17], Weaver [21,22] and Tyszkowska [18–20], for
example. It is also worth mentioning the study by Maclachlan and Miller, in [16], of the number of equivalence classes of
topological actions of a fixed group G by means of generating functions.
Unlike orientable surfaces with empty boundary, which are topologically classified by a single parameter (the genus),
a bordered surface requires three parameters to classify it topologically, namely, its algebraic genus p, the number k of
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its boundary components, and its orientability. The triple (p, k, ), where  = + if the surface is orientable and  = −
otherwise, is called the topological type of X . For a fixed value of p there are [(3p+ 4)/2] − 1 different topological types of
bordered surfaces,where [t] stands for the integer part of t . This is a classical result ofWeichold. Hence a proper classification
of group actions on bordered surfaces has to be undertaken not only in terms of the algebraic genus, but also in terms of the
number of boundary components and the orientability. Our classification takes this into account and, accordingly, the list of
group actions within each algebraic genus p splits naturally into [(3p+ 4)/2] − 1 lists.
Just as an unbordered orientable surface may be endowed with a conformal structure, a bordered surface may be
endowedwith a dianalytic structure; see [1]. A surfacewith a dianalytic structure is called a Klein surface. Most Klein surfaces
admit only the trivial automorphism, and, in fact, for genus p > 2, those with a non-trivial automorphism group constitute
the singular locus of the moduli space of compact Klein surfaces of a given topological type. This locus can be decomposed
into a finite union of irreducible subvarieties, each of which is characterised by a topological action of a finite group.
Thus, the study of groups of automorphisms of surfaces, and also of their different topological actions, is necessary for
the study of the singular locus of this moduli space. This can be viewed as the quotient of the Teichmüller space under the
action of the mapping class group. This action has finite isotropy groups, and it turns out that the conjugacy classes of finite
subgroups of the mapping class group are in one to one correspondence with the topological equivalence classes of finite
group actions.
Compact connected Klein surfaces may also be viewed as real algebraic curves, due to the well-known functorial
equivalence between such surfaces and algebraic function fields in one variable over R; see [1]. Thus our results can be
stated in terms of real algebraic curves and their groups of birational transformations defined over R. Namely, we classify
all possible actions of birational transformations on real algebraic curves with real points of genus up to 6.
The paper is organised as follows. In Section 2 we introduce the basic notation and results on NEC groups to be used
subsequently; we also give the definition of topologically equivalent actions of finite groups, and describe different ways
of determining equivalence. Section 3 deals with groups of order up to 5. Inequivalent actions can be studied in the same
way as group actions of larger order, but the complete list of all of them is too large to be included here. Instead we focus
our attention on finding the topological types of bordered surfaces of any genus on which these groups act. In addition,
we also consider groups of prime order, as natural generalisations of the cyclic groups of order 3 or 5. In Section 4 we
study the outer automorphism groups of certain NEC groups, and give an explicit description of the effect of certain outer
automorphisms on the generators of the NEC group. The key result there is Lemma 4.6. Finally, Section 5 shows how we
have applied our findings to the determination of all inequivalent actions of groups of order at least 6 on compact bordered
surfaces of algebraic genus p = 2, 3, 4, 5 and 6. These actions were obtained with the help of an algorithm for finding all
normal subgroups of given small index in a finitely presented group.
2. Preliminaries
Let S be a bordered surface (which may or may not be orientable), and let Hom(S) be the group of its homeomorphisms
(including those that reverse orientation, if S is orientable). Following Broughton [4], we define an (effective) action of a
finite group G on S to be an injective homomorphism ε : G → Hom(S). Let AutG be the group of automorphisms of G.
Two actions ε1, ε2 : G → Hom(S) of the same abstract group G are topologically equivalent if there exist β ∈ AutG and
h ∈ Hom(S) such that
ε2(g) = hε1(β(g))h−1 for all g ∈ G.
A natural tool for studying finite groups acting on bordered surfaces is the theory of non-euclidean crystallographic groups
(or NEC groups, for short), as introduced in [15]. Every such finite group action may be obtained by means of a pair of NEC
groups Γ andΛwith Γ a normal subgroup of finite index inΛ. For a general background on the theory of NEC groups, we
refer the reader to Chapters 0 and 1 in [6], but we briefly introduce in this section the main ideas and results to be used in
the sequel.
The upper half-plane U endowed with the Poincaré metric is a model for the hyperbolic plane. By a non-euclidean
crystallographic group we mean a discrete subgroup Λ of the group PGL(2,R) of isometries of U such that the quotient
U/Λ is compact. The signature σ(Λ) of an NEC groupΛ is a collection of non-negative integers and symbols of the form
σ(Λ) = (g;±; [m1, . . . ,mr ]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk)}) (1)
which collects algebraic and topological features of Λ. The quotient space U/Λ is a hyperbolic orbifold with underlying
surface of topological genus g with k boundary components, and it is orientable if the sign ‘‘+’’ occurs and non-orientable
otherwise. The integers m1, . . . ,mr are called proper periods, and they are the orders of the cone points in the interior of
U/Λ under the projection U → U/Λ. Each bracket (ni1, . . . , nisi) is a period cycle, and the integers nij, called link periods,
are the orders of the corner points in the ith boundary component of U/Λ. An empty set of proper periods (where r = 0)
will be denoted by [−], and an empty period cycle (where si = 0) by (−).
The signature σ(Λ) provides a presentation ofΛ by means of generators and defining relations as follows:
Generators:
• x1, . . . , xr (elliptic elements);
• c10, . . . , c1s1 , . . . , ck0, . . . , cksk (reflections);
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• e1, . . . , ek (orientation-preserving elements);
• a1, b1, . . . , ag , bg (hyperbolic elements) if the sign is ‘‘+’’;
• d1, . . . , dg (glide reflections) if the sign is ‘‘−’’.
Defining relations:
• xmii = 1 for 1 ≤ i ≤ r;
• c2ij−1 = c2ij = (cij−1cij)nij = 1 for 1 ≤ i ≤ k, 1 ≤ j ≤ si;
• cisi = eici0e−1i for 1 ≤ i ≤ k;
• x1 . . . xre1 . . . eka1b1a−11 b−11 . . . agbga−1g b−1g = 1 if the sign is ‘‘+’’;
• x1 . . . xre1 . . . ekd21 . . . d2g = 1 if the sign is ‘‘−’’.
In the cases where k = 1, for notational convenience we let s = s1 and replace the symbol cij by just cj for 0 ≤ j ≤ s.
The orientation-preserving elements of Λ constitute the canonical Fuchsian subgroup Λ+ of Λ. Observe that Λ+ has
index 1 or 2 inΛ, the former case occurring precisely whenΛ itself is a Fuchsian group.
The area of a fundamental region for an NEC groupΛwith signature (1) is 2piµ(Λ)with


















where α = 2 if the sign is+, and α = 1 otherwise. IfΛ′ is a subgroup of finite index ofΛ thenΛ′ is also an NEC group, and
its area is given by the so called Riemann–Hurwitz formula:
µ(Λ′) = [Λ : Λ′] · µ(Λ).
All the NEC groups that we will consider here will have at least one period cycle, that is, k > 0.We call these bordered
NEC groups. A bordered NEC group with no non-trivial orientation-preserving elements of finite order is called a bordered
surface group. Such a group has signature
(g;±; [−]; {(−), k. . ., (−)}), for some k > 0.
Observe that ifΓ is such a group then the quotientU/Γ is a compact bordered surface of topological genus g with k boundary




2g + k− 1 if the surface is orientable,
g + k− 1 otherwise.
It follows from the Uniformisation Theorem that any bordered surface S of algebraic genus p ≥ 2 is of the form U/Γ for
some bordered surface NEC group Γ .
An important fact in the study of finite group actions is that, given a surface S so represented, a finite group G acts on S if
and only if there exist an NEC groupΛ and an epimorphism fromΛ onto G with Γ as its kernel. All finite group actions on
bordered surfaces arise in this way, and in each case the subgroup Λ+ has index 2 in Λ. An epimorphism whose kernel is
a bordered surface NEC group is called a bordered smooth epimorphism. Consequently, we may study finite group actions by
means of bordered smooth epimorphisms. To that end, we have to translate the relation of (topological) equivalent group
actions defined above into an (algebraic) equivalence relation on bordered smooth epimorphisms.Wewill use the following
lemma.
Lemma 2.1. Every homeomorphism of a bordered surface S lifts to a homeomorphism of the hyperbolic plane U.
Proof. This is obvious when the surface is unbordered since the projection pi :U → S is a covering. In the bordered case,
we use an argument from a paper by Fujiwara [11]. Let us fix a connected component X of U\pi−1(∂S),where ∂S stands for
the boundary of S. Then a homeomorphism of S may be lifted to a homeomorphism of the closure of X,which is a universal
cover of S. This lift may be extended to the whole of U using the reflections in the bordered surface NEC group uniformising
S. 
Let ε1, ε2 : G→ Hom(S) be two actions of the finite group G and let θi : Λi → G be the bordered smooth epimorphism
associated with εi for i = 1, 2. Assume that ε1 and ε2 are topologically equivalent. Then there exist β ∈ Aut (G) and
h ∈ Hom(S) such that ε2(g) = hε1(β(g))h−1 for all g ∈ G. The lift h∗ : U → U of h satisfies h∗Λ1(h∗)−1 = Λ2 and so it
induces an isomorphism α : Λ1 → Λ2 given by
α(λ1) = h∗λ1(h∗)−1 for all λ1 ∈ Λ1.
It follows that the diagram
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θ1
Λ1 −→ G
α ↓ ↓ β
Λ2 −→ G
θ2
commutes, that is, βθ1 = θ2α.
Conversely, assume now that there exist an isomorphism α : Λ1 → Λ2 and an automorphism β : G→ G such that the
above diagram commutes. Then the group actions constructed by means of the bordered smooth epimorphisms θ1 and θ2
are equivalent. This is a consequence of a theorem of Macbeath in [15] which states that every isomorphism α between NEC
groups can be realised geometrically, that is, there exists a homeomorphism h∗ : U → U such that α(λ1) = h∗λ1(h∗)−1.
Thus we have the following algebraic translation of topological equivalence of actions.
Proposition 2.2. Let ε1, ε2 : G → Hom(S) be two finite group actions on a bordered surface S, and let θi : Λi → G be the
corresponding bordered smooth epimorphism, for i = 1, 2. Then the group actions ε1 and ε2 are topologically conjugate if and
only if there exist an isomorphism α : Λ1 → Λ2 and an automorphism β : G→ G such that βθ1 = θ2α.
Since any bordered smooth epimorphism θ : Λ→ Gwith kernelΓ is equivalent to the natural epimorphismΛ→ Λ/Γ ,
it is easier to say that two actions θ1 : Λ1 → G and θ2 : Λ2 → G are equivalent if there exists an isomorphism α : Λ1 → Λ2
such that (ker θ1)α = ker θ2. Accordingly, finding inequivalent actions associated with a given NEC group Λ is the same as
finding normal subgroups (of finite index) in Λ up to conjugacy within AutΛ (the automorphism group of Λ), and hence
within OutΛ = AutΛ/InnΛ (the outer automorphism group ofΛ).
The vector of canonical generators of the NEC group Λ is a specific ordered set of generators of Λ. The images of the
elements of this ordered set under any bordered smooth epimorphism from Λ onto a group G make up what we call a
generator vector of the group G (associated with the vector of canonical generators of Λ). It is clear that, given a vector of
canonical generators of Λ, there is a one to one correspondence between the set of generator vectors of G and the set of
bordered smooth epimorphisms from Λ onto G. Using this correspondence we will express the (equivalence classes of)
group actions by means of (equivalence classes of) generators vectors.
3. Groups of small or prime order
The goal of this section is to deal with groups G of order up to 5. The actions in these cases are too numerous to be dealt
with; for instance, if we consider the NEC groups Λ admitting a bordered smooth epimorphism θ : Λ → C2 onto the
cyclic group of order 2 such that the kernel of θ has algebraic genus p ∈ {2, 3, 4, 5, 6}, then we find there are 125 potential
signatures for Λ — compared with 21 signatures (in Table 2) when C2 is replaced by a group of order 6 or more. Hence for
groups of small order, we change our aim slightly, and focus our attention on finding all the topological types of bordered
surfaces of any genus on which these groups act. In addition, we include groups of prime odd order in this study, as natural
generalisations of C3 and C5.
Given a finite group G we say that G acts on bordered topological type (p, k, ) if there exists a bordered surface of
topological type (p, k, ) on which G acts. This happens if and only if there exist an NEC group Λ and a bordered smooth
epimorphism θ : Λ → G such that its kernel has signature σ = (g; ; [−]; {(−), k. . ., (−)}), where g = p + 1 − k if
 = −1 and g = (p + 1 − k)/2 if  = +1. The next lemma imposes restrictions on the signature of Λ that are necessary
and sufficient forΛ to admit a bordered smooth epimorphism θ : Λ→ G; see [8].
Lemma 3.1. An NEC groupΛ contains a normal bordered surface subgroup with finite index if and only if the signature ofΛ has
an empty period cycle or a period cycle with two consecutive link periods equal to 2.
We will use the following notation. The repetition of periods as mi, r. . .,mi will be shortened to m
(r)
i , and analogously,
(−)(k) stands for k empty period cycles (−), k. . ., (−).
We start with the unique groups that act on every bordered topological type.
Proposition 3.2. The groups C2 and C2 ⊕ C2 act on every bordered topological type.
Proof. Given a topological type (p, k, ), we give the signature σ(Λ) of an NEC group Λ and define a bordered smooth
epimorphism θ : Λ→ C2 or C2 ⊕ C2. Using the Riemann–Hurwitz formula and results from Sections 2.1 and 2.2 in [6], it is
straightforward to check that ker θ does indeed have the appropriate signature.
For the cyclic case and orientable topological type (p, k,+)we takeσ(Λ) = (g;−; [−]; {(2(2k))})with g = (p+1−k)/2,
and define the epimorphism θ : Λ→ C2 = 〈u〉 by letting di 7→ u (for i ≥ 1), c2i 7→ u, c2i+1 7→ 1 (for i ≥ 0), and e1 7→ 1.
For non-orientable topological type (p, k,−)we consider σ(Λ) as above with g = p+ 1− k, and let θ : di 7→ 1 (for i ≥ 1),
c2i 7→ u, c2i+1 7→ 1 (for i ≥ 0), and e1 7→ u.
Next, we consider the case C2 ⊕ C2 = 〈v,w〉. For (p, k,+) with p odd we take σ(Λ) = (0;+; [−]; {(2(p+3))}), and
define θ : Λ → C2 ⊕ C2 by letting c2i 7→ v, for 0 ≤ i ≤ (p + 3)/2, c2i+1 7→ 1 for 0 ≤ i ≤ k/2 − 1, c2i+1 7→ w for
k/2 ≤ i ≤ (p + 1)/2, and e1 7→ 1. If p is even we take σ(Λ) as above and θ : c2i 7→ v, c2i+1 7→ 1 for 0 ≤ i ≤ (k − 1)/2,
c2i 7→ w, c2i+1 7→ v for (k + 1)/2 ≤ i ≤ p/2 + 1, and e1 7→ 1. For (p, k,−) we take σ(Λ) = (0;+; [2]; {(2(p+1))}),
θ(x1) = v and θ(ci) as in the previous case (distinguishing the parity of p). 
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Remark 3.3. The situation is slightly different for unbordered topological types (p, 0,−1), that is, topological types of
non-orientable surfaces with empty boundary. The group C2 also acts on every such topological type, but C2 ⊕ C2 does
not act on those (p, 0,−1) with p even. To prove our first claim, we just have to consider the signature σ(Λ) =
((p + 3)/2 + 1;−; [−]; {−}) and the smooth epimorphism θ : d1 7→ u, di 7→ 1 (for i ≥ 2) when p is odd, and
σ(Λ) = (p/2;−; [2]; {(−)}) and θ : di 7→ 1 (for i ≥ 1), x1 7→ u, e1 7→ u, c 7→ u when p is even. For the second
claim, observe that if there is an epimorphism θ : Λ → C2 ⊕ C2 whose kernel has signature (p − 1;−; [−]; {−}) then Λ
has signature (g ′;±; [2(r)]; {(−)(k′)}), and then by the Riemann–Hurwitz formula, p = 4αg ′ + 4k′ + 2r − 7, which is odd.
The study of the cyclic groups C3 and C5 is included in the next proposition. Its proof can be obtained using results from
Sections 2.4 and 3.1 in [6], but here we give a more direct argument.
Proposition 3.4. Let q be an odd prime. Then:
(a) the cyclic group Cq acts on bordered topological type (p, k,+) if and only if there exist non-negative integers g ′, r, k′1 with
g ′ + r + k′1 > 0 and r + k′1 6= 1 such that
q|(k− k′1) ≥ 0 and p− k− 1 = 2q(g ′ − 1)+ (q− 1)(k′1 + r);
(b) the cyclic group Cq acts on bordered topological type (p, k,−) if and only if there exist non-negative integers g ′, r, k′1 with
g ′ + r + k′1 > 1 and g ′ > 0 such that
q|(k− k′1) ≥ 0 and p− k− 1 = q(g ′ − 2)+ (q− 1)(k′1 + r).
Proof. If there exist an NEC group Λ and an epimorphism θ : Λ → Cq = 〈u〉 whose kernel has signature σ =
(g;±; [−]; {(−)(k)}), then σ(Λ) has the same sign as σ , all the proper periods of σ(Λ) are equal to q, and all the canonical
reflections of Λ (if any) belong to the kernel. Therefore σ(Λ) is of the form (g ′;±; [q(r)]; {(−)(k′)}) for some non-negative
integers g ′, r, k′. Let e1, . . . , ek′ be the hyperbolic canonical generators of Λ, and let us define k′1 = |{i : θ(ei) 6= 1}|. Then
Theorem 2.3.1 in [6] gives k = k′1 + q(k′ − k′1). This shows that q | (k − k′1) ≥ 0. Substituting this value of k into the
Riemann–Hurwitz formula applied to ker θ andΛ yields
p− k− 1 =
{
2q(g ′ − 1)+ (q− 1)(k′1 + r) if the sign is ‘‘+’’;
q(g ′ − 2)+ (q− 1)(k′1 + r) if the sign is ‘‘−’’.









i = 1 to be preserved by θ we need r + k′1 6= 1. If the sign is ‘‘−’’ then g ′ > 0; in addition, if








i = 1 would force θ to be the null homomorphism.
Conversely, suppose that there exist non-negative integers g ′, r, k′1 which satisfy the above conditions, and takeΛ such
that σ(Λ) = (g ′;±; [q(r)]; {(−)(k′)}). Every smooth epimorphism θ : Λ → Cq maps the k′ canonical reflections onto the
identity. For each i > k′1 we define θ(ei) = 1.We now distinguish cases. For (p, k,+)we have g ′+ r + k′1 > 0, and so there
exists a canonical generator ofΛwhich ismapped by θ onto a generator u of Cq. Since r+k′1 6= 1, the images of the canonical




i=1 θ(ei) = 1 in Cq. For (p, k,−) we have g ′ > 0, and we map







i=1 θ(di)2 = 1 in Cq. In both cases, it is easy to see that ker θ has the appropriate
signature. 
Example 3.5. Let us find the bordered topological types on which the cyclic group C3 acts. In the orientable case, the
conditions in Proposition 3.4 imply that C3 acts on (p, k,+) if and only if there exist non-negative integers g ′, r, k′1 with
g ′ + r + k′1 > 0 and r + k′1 6= 1 such that
k ≡ k′1 (mod 3) with k′1 ≤ k, and 6g ′ + 2k′1 + 2r = p− k+ 5.
Since p−k = 2g−1, the second condition becomes 3g ′+k′1+r = g+2. If we choose g ′ = 0 then k′1+r = g+2 ≥ 2. There
always exists a non-negative integer solution (k′1, r) of this equation with k
′
1 ≡ k (mod 3) and k′1 ≤ k, for any value of k. So
there always exist non-negative integers g ′, r, k′1 satisfying the above conditions. Thus C3 acts on every bordered orientable
topological type.
In the non-orientable case, the conditions in Proposition 3.4 imply that C3 acts on (p, k,−) if and only if there exist
non-negative integers g ′, r, k′1 with g ′ + r + k′1 > 1 and g ′ > 0 such that
k ≡ k′1 (mod 3) with k′1 ≤ k, and 3g ′ + 2k′1 + 2r = p− k+ 5.
Since p− k = g − 1, the second condition becomes k′1 + r = 2+ (g − 3g ′)/2. If g is odd and g ≥ 3 then, choosing g ′ = 1,
we get k′1 + r = 2 + (g − 3)/2 ≥ 2; if g is even and g ≥ 6 then, choosing g ′ = 2, we get k′1 + r = 2 + (g − 6)/2 ≥ 2. It
follows (as in the orientable case) that for these values of g there always exist non-negative integers g ′, r, k′1 satisfying the
above conditions. It remains for us to consider the values g = 1, 2 and 4.
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Table 1
Bordered topological types (p, k, ) on which C5 does not act.
p ≡ 0 (5) p ≡ 1 (5) p ≡ 2 (5) p ≡ 3 (5) p ≡ 4 (5)
(k, ) = (p+ 1,+) No No
(k, ) = (p,−) No No No
(k, ) = (p− 1,+) No No No No
(k, ) = (p− 1,−) No No No No
(k, ) = (p− 2,−) No No No No No
(k, ) = (p− 3,+) No
(k, ) = (p− 3,−) No No No No No
(k, ) = (p− 4,−) No No
(k, ) = (p− 5,+) No No No No No
(k, ) = (p− 5,−) No No No
(k, ) = (p− 6,−) No No No No
(k, ) = (p− 7,−) No No No No No
(k, ) = (p− 8,−) No
(k, ) = (p− 9,+) No No
(k, ) = (p− 9,−) No No
(k, ) = (p− 10,−) No No No
(k, ) = (p− 11,−) No No No No
(k, ) = (p− 13,+) No
(k, ) = (p− 13,−) No
(k, ) = (p− 14,−) No No
(k, ) = (p− 15,−) No No No
(k, ) = (p− 18,−) No
(k, ) = (p− 19,−) No No
(k, ) = (p− 23,−) No
• If g = 1 then k′1+r = 2+(1−3g ′)/2,which forces g ′ = 1 and k′1+r = 1. If k ≡ 2 (mod 3) then there is no non-negative
integer solution (k′1, r) to this equation with k
′
1 ≡ k (mod 3).• If g = 2 then k′1 + r = 2 + (2 − 3g ′)/2, which forces g ′ = 2 and k′1 = r = 0, so we get a valid solution only if k ≡ 0
(mod 3).
• If g = 4 then k′1 + r = 2+ (4− 3g ′)/2,which forces g ′ = 2 and k′1 + r = 1, so we get a valid solution only if k ≡ 0 or 1
(mod 3).
In summary, C3 acts on every bordered topological type (p, k,−) except in the following cases:
• p ≡ 0 (mod 3) and k = p− 1;
• p ≡ 2 (mod 3) and k = p, p− 1 or p− 3.
Example 3.6. Applying the conditions in Proposition 3.4 we can find the bordered topological types on which the cyclic
group C5 acts, in a similar way to those for the case of C3. It turns out that C5 acts on every bordered topological type (p, k, )
except on those with a ‘‘No’’ in Table 1.
To complete our study of groups of small order, we consider the cyclic group C4. Using methods similar to those in the
proof of Proposition 3.4, we obtain the following.
Proposition 3.7. The cyclic group C4 acts on every bordered topological type except (p, p + 1,+) for p ≡ 2 (mod 4) and
(p, p− 1,−) for p even.
Actions of groups of larger composite order require a quite different approach, involving computational methods, which
we describe in Section 5.
4. Automorphisms of NEC groups
Suppose that S is a hyperbolic 2-orbifold, that is, S = U/Λ for some NEC group Λ. Let H(S) denote the group of all
homeomorphisms S → S that preserve the set of orbifold points, their types and orders. This means that a cone point
is mapped to a cone point of the same order, and analogously for the corner points. Let I(S) be the normal subgroup of
H(S) consisting of homeomorphisms isotopic to the identity in H(S). The quotient M(S) = H(S)/I(S) is the orbifold
mapping class group of S. We denote by PM(S) the normal subgroup of M(S) consisting of the isotopy classes of those
homeomorphisms that fix each cone point and each corner point. We call this group the pure orbifold mapping class group of
S. If S is orientable, thenwedenote byM+(S) the subgroup of index 2 inM(S) consisting of the isotopy classes of orientation-
preserving homeomorphisms. We also define PM+(S) =M+(S) ∩ PM(S).
Remark 4.1. The orbifold mapping class group defined above is a generalisation of the classical mapping class group of a
surface. In the classical definition, the surface may have boundary and/or punctures, but there are no orders attached to the
punctures and there are no distinguished points on the boundary. Moreover, if the surface is orientable, then the mapping
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class group is usually defined to be the group of isotopy classes of orientation-preserving homeomorphisms,which coincides
with our definition ofM+(S), while the group of isotopy classes of all homeomorphisms is called the extended mapping
class group.
If Λ is a Fuchsian group, then the groups OutΛ = AutΛ/InnΛ of outer automorphisms of Λ and M(U/Λ) are
isomorphic, by Theorem 1 in [12]. This classical result was generalised to NEC groups by Fujiwara in [11]. However, his
proof is very sketchy and he assumes that U/Λ has no corner points. We will use a weaker version of this result, namely
Theorem 4.2 below, which we prove for completeness.
Let ψ:Λ → Λ be an automorphism of an NEC group Λ. By a theorem of Macbeath [15] there is a homeomorphism
f :U → U such thatψ(g) = fgf −1 for all g ∈ Λ. Any such f takesΛ-orbits toΛ-orbits and thus induces a homeomorphism
f ′: S → S, where S = U/Λ. It can be shown that f ′ ∈ H(S) (see [15]). We will prove the following (after Lemma 4.3):
Theorem 4.2. Letψ(g) = fgf −1 be an automorphism ofΛ, and suppose that the induced homeomorphism f ′: S → S is isotopic
to the identity inH(S). Then ψ is inner.
Let p:U → S be the canonical projection and let B ⊂ S denote its branching locus, consisting of the boundary of S and the
cone points. The pre-image p−1(B) consists of hyperbolic lines that are axes of reflections in Λ, and a discrete set of points
that are centers of rotations inΛ. The axes of reflections intersect if S has corner points. Let S0 = S\B and U0 = U\p−1(B).
Then p:U0 → S0 is a covering. IfΛ contains reflections then U0 is not connected. Let us fix a connected component X ⊆ U0.
Then p: X → S0 is a regular covering whose group of covering transformations is
ΛX = {g ∈ Λ | g(X) = X}.
Let l be the axis of some reflection inΛ. We say that l is adjacent to X if it contains limits of sequences of points of X .
Lemma 4.3. The groupΛ is generated by the subgroupΛX and the reflections whose axes are adjacent to X.
Proof. Let ∆ denote the subgroup of Λ generated by ΛX and reflections about axes adjacent to X . Let g be any element of
Λ. Then there exist a sequence X = X0, . . . , Xn = g(X) of components of U0 and a sequence of axes l0, . . . , ln−1 such that
li is adjacent to Xi and Xi+1. Let ri denote the reflection about li. Observe that r0 · · · rn−1g ∈ ΛX . We will show by induction
that if l is the axis of a reflection r that is adjacent to Xi, then r ∈ ∆. This is true for i = 0 by the definition of ∆, and we
assume that it is true for i − 1. Note that ri−1rri−1 is the reflection about the axis ri−1(l) adjacent to Xi−1. By the inductive
hypothesis, ri−1rri−1 and ri−1 are in ∆ and thus so is r . This finishes the induction. It follows that r0, . . . , rn−1 are in ∆ and
hence g ∈ ∆. 
Suppose that l is an axis adjacent to X . The set of points of l that are limits of sequences of points of X is a closed segment
of l. This set may be equal to l, or it may terminate at a point of intersection of lwith another axis. Let X denote the union of
X with all such segments of adjacent axes, and let S0 denote the union of S0 with the boundary of S. Observe that p: X → S0
is a regular covering whose group of covering transformations isΛX .
By the standard theory of coverings, for every point x ∈ X there is an isomorphism
ϕx:ΛX → pi1(S0, p(x))/p∗(pi1(X, x))
defined as follows. For g ∈ ΛX let α be any path in X from x to g(x). Then p(α) is a loop in S0 based at p(x). Define ϕx(g) to
be the element of pi1(S0, p(x))/p∗(pi1(X, x)) represented by p(α).
Proof of Theorem 4.2. Observe that f preserves the set p−1(B) and thus it permutes the connected components of U0. By
composing f with an element of Λ we may assume that it preserves X and so f (X) = X . Let us fix a point x ∈ X . We claim
that for g ∈ ΛX we have
ψ(g) = ϕ−1f (x)(f ′∗(ϕx(g))), (2)
where
f ′∗:pi1(S0, p(x))/p∗(pi1(X, x))→ pi1(S0, p(f (x)))/p∗(pi1(X, f (x)))
is the isomorphism induced by f ′. To prove this, let α be any path in X from x to g(x). Then f (α) is a path from f (x) to
ψ(g)(f (x)) and
ϕf (x)(ψ(g)) = [p(f (α))] = [f ′(p(α))] = f ′∗(ϕx(g)).
Let ht ∈ H(S), t ∈ [0, 1], be an isotopy such that h0 is the identity on S and h1 = f ′. Then β(t) = ht(p(x)) is a path in
S0 from p(x) to p(f (x)). It is not difficult to show that f ′∗[γ ] = [β−1γ β] for every [γ ] ∈ pi1(S0, p(x)). Let β˜ be the lift of β to
X , whose terminal point is f (x). The initial point of β˜ lies over p(x) and so it is g0(x) for a unique g0 ∈ ΛX . We are going to
prove that ψ(g) = g0gg−10 for every g ∈ ΛX . By (2) it suffices to prove
ϕf (x)(g0gg−10 ) = f ′∗(ϕx(g)). (3)
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Let α be any path in X from x to g(x). Then the right hand side of (3) is
f ′∗(ϕx(g)) = [β−1p(α)β].
Let δ be any path in X from x to g0(x). Then δβ˜ is a path from x to f (x) and (δβ˜)−1αg(δβ˜) is a path from f (x) to g(f (x)). We
have
ϕf (x)(g) = [p((δβ˜)−1αg(δβ˜))] = [β−1p(δ−1αδ)β].
Similarly, β˜−1g0(δβ˜) is a path from f (x) to g0(f (x)) and
ϕf (x)(g0) = [p(β˜−1g0(δβ˜))] = [β−1p(δ)β].
Now the left hand side of (3) is
ϕf (x)(g0)ϕf (x)(g)ϕ−1f (x)(g0) = [β−1p(α)β] = f ′∗(ϕx(g)).
Thus we have proved that the restriction of ψ to ΛX is the inner automorphism ψ(g) = g0gg−10 . Note that the element g0
depends on the point x ∈ X that we chose at the beginning. Observe, however, that the initial point of the path β˜ depends
continuously on x. SinceΛ is discrete, it follows that all x yield the same g0.
To finish the proof it suffices, by Lemma 4.3, to show thatψ(r) = g0rg−10 for every reflection r about an axis adjacent to X .
Accordingly, suppose that the point x lies on the segment of the axis l of r , so that p(x) lies on the boundary of S and p(x) is not
a corner point. Observe that the path β from p(x) to p(f (x)) is contained in the boundary of S and since all homeomorphisms
ht of the isotopy are inH(S), the pathβ does not pass through a corner point. It follows that β˜ is contained in an axis adjacent
to X . Hence f (x) and g0(x) lie on the same axis f (l) = g0(l) and thus frf −1 = g0rg−10 . 
Let Y ⊂ U be the subset consisting of all points x, such that p(x) is either a cone point or a corner point. The stabiliser in
Λ of a point x ∈ Y is cyclic if p(x) is a cone point, or dihedral if p(x) is a corner point. Consider the set C of the conjugacy
classes inΛ of stabilisers of the points in Y . Note that the elements of C are in one to one correspondence with the numbers
m1, . . . ,mr , n11, . . . , n1s1 , . . . , nk1, . . . , nksk .
The group OutΛ acts on C. Let Out0Λ denote the subgroup of OutΛ consisting of the elements acting trivially on C.
Corollary 4.4. If PM(S) has finite order n, then Out0Λ has order at most n.
Proof. For every ϕ ∈ Out0 (Λ) we choose a homeomorphism fϕ:U → U such that g 7→ fϕgf −1ϕ is an automorphism of Λ
representing ϕ. Then fϕ fixes the orbits of the points of Y , and the induced homeomorphism f ′ϕ: S → S fixes each cone point
and each corner point. Suppose that Out0Λ has more elements than PM(S). Then, by the pigeonhole principle, there exist
ϕ 6= ψ such that f ′ϕ and f ′ψ are isotopic in H(S). But then g 7→ (fϕ f −1ψ )g(fϕ f −1ψ )−1 is inner by Theorem 4.2 and represents
ϕψ−1, which is a contradiction. 
Corollary 4.5. Suppose that f1, . . . , fn are homeomorphisms of U such that ϕi(g) = figf −1i is an automorphism of Λ for
i = 1, . . . , n, and let f ′1, . . . , f ′n be the homeomorphisms of S = U/Λ that they induce. If the isotopy classes of f ′1, . . . , f ′n generate
PM(S), then the classes of ϕ1, . . . , ϕn generate Out0Λ.
Proof. It is clear that since f ′i fixes the cone and corner points, ϕi fixes the elements of C. Letψ ∈ AutΛ fix the elements of
C. By Macbeath’s theorem, there is a homeomorphism h:U → U such that ψ(g) = hgh−1 for all g ∈ Λ. Let h′ ∈ H(S) be
the induced homeomorphism. Since the isotopy classes of f ′i generate PM(S), we know that
h′(f ′i1)
e1 · · · (f ′ik)ek ∈ I(S)
for some i1, . . . , ik ∈ {1, . . . , n} and e1, . . . , ek ∈ {−1, 1}. Now consider the automorphism ϕ:Λ→ Λ given by
ϕ = ψ(ϕi1)e1 · · · (ϕik)ek ,
and the homeomorphism f :U → U given by
f = h(fi1)e1 · · · (fik)ek .
Observe that ϕ(g) = fgf −1 for all g ∈ Λ, and that the homeomorphism of S induced by f is f ′ = h′(f ′i1)e1 · · · (f ′ik)ek . By
Theorem 4.2, ϕ is inner and hence the class of ψ in Out0Λ is a product of the classes of ϕi. 
In order to classify finite group actions on bordered surfaces we need to deal with the automorphism groups of certain
NEC groups. For our purposes, these NEC groups are the ones whose signatures occur in the first column of Table 2. All of
them are of the form
(g;±; [m1, . . . ,mr ]; {C}) or (g;±; [m1, . . . ,mr ]; {C, (−)}) or (g;±; [m1, . . . ,mr ]; {C, (n)}), (4)
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where C = (n1, . . . , ns), 0 ≤ r ≤ 3, and g is either 0 or 1, and if g = 1 then the sign is ‘‘−’’. In the third signature we also
assume that C 6= (n). For the rest of this section we assume that the signature ofΛ is one of these. The canonical generators
ofΛ are
d1, x1, x2, x3, c10, . . . , c1s, e1, c20, c21, e2;
some of them may equal 1, and except in the third signature, c20 = c21.
We say that a permutation τ of the set {1, . . . , s} is reflecting if it is a product of a power of the cyclic permutation
(123 . . . s) and the permutation i 7→ s+ 1− i. Denote byΣC the subgroup of the symmetric groupΣs on s letters consisting
of all permutations τ satisfying ni = nτ(i) for i = 1, . . . , s, which are either powers of the cyclic permutation (12 . . . s) or
reflecting permutations. Observe thatΣC is either trivial or cyclic or dihedral.
Let ai be the cone point of order mi in S = U/Λ for i = 1, . . . , r and let bj be the corner point of order nj in ∂S for
j = 1, . . . , s, all bj lying on the same boundary component. Then Hi = 〈xi〉 is the stabiliser inΛ of a point in U lying over ai
and Gj = 〈c1(j−1), c1j〉 is the stabiliser of a point lying over bj. IfΛ has the third signature then we also define G′ = 〈c20, c21〉.
Denoting by [G] the conjugacy class of G inΛ, we have
C = {[H1], . . . , [Hr ], [G1], . . . , [Gs], [G′]}.
Let ϕ ∈ AutΛ. By Macbeath’s theorem, ϕ(g) = fgf −1 for some f :U → U . The induced homeomorphism f ′: S → S maps
each conepoint to a conepoint of the sameorder, and analogously for the corner points. If ∂S has two components, then either
these two components have different numbers of corner points, or they have one corner point each butwith different orders.
It follows that f ′ fixes each boundary component, and thus it permutes the corner points bj, either preserving or reversing
their cyclic order. Hence ϕ[Hi] = [Hρ(i)], ϕ[G′] = [G′] and ϕ[Gj] = [Gτ(j)] for some permutations ρ ∈ Σr and τ ∈ ΣC .
Clearlymi = mρ(i). Let K denote the subgroup ofΣr consisting of all permutations ρ satisfyingmi = mρ(i) for i = 1, . . . , r .
The mapping ϕ 7→ (ρ, τ ) yields a homomorphism OutΛ → K × ΣC whose kernel is Out0Λ. It is a consequence of the
classification of NEC groups (see [15]) that this homomorphism is surjective — that is, every ‘‘admissible’’ permutation of C
can be realised by an automorphism ofΛ. We next exhibit such automorphisms for generators of K ×ΣC .
SupposeΣC contains a reflecting permutation τ1. Then τ1 has order 2 and it has the form
τ1(i) =
{
1+ k− i if i ≤ k,
s+ 1+ k− i if i > k,




1 if i < k,
c1τ1(i+1) if k ≤ i < s,
c1k if i = s,
ϕ1(d1) = d−11 , ϕ1(x1) = e−11 x−13 x−12 x−11 x2x3e1, ϕ1(x2) = e−11 x−13 x−12 x3e1,
ϕ1(x3) = e−11 x−13 e1, ϕ1(e1) = e−11 , ϕ1(c20) = d−21 c21d21,
ϕ1(c21) = d−21 c20d21, ϕ1(e2) = d−21 e−12 d21.
It can be checked that ϕ1 does indeed preserve the relations ofΛ. Note that ϕ1 fixes the conjugacy classes [Hj] for j = 1, 2, 3,
and ϕ[Gi] = [Gτ1(i)] for i = 1, . . . , s.
Let τ2 be the generator of the maximal cyclic subgroup ofΣC . Then
τ2(i) =
{
i+ l if i ≤ s− l,
i+ l− s if i > s− l,
for some integer l dividing s. Consider the automorphism ϕ2 defined by setting
ϕ2(c1i) =
c1l if i = 0,c1τ2(i) if 0 < i ≤ s− l,e1c1τ2(i)e−11 if i > s− l,
and letting ϕ2 be the identity on the remaining generators. As previously, it can be checked that ϕ2 is indeed an
automorphism ofΛ that fixes the conjugacy classes [Hj] for j = 1, 2, 3, and satisfies ϕ[Gi] = [Gτ2(i)] for i = 1, . . . , s.
Every permutation of the conjugacy classes [H1], [H2], [H3]may be realised by an automorphism that is a product of ψ1
and ψ2 defined by setting
ψ1(x1) = x1x2x−11 , ψ1(x2) = x1, ψ1(x3) = x3,
ψ2(x1) = x1x2x−11 , ψ2(x2) = x1x3x−11 , ψ2(x3) = x1,
and letting ψ1 and ψ2 be the identity on the remaining generators.
Lemma 4.6. Suppose thatΛ has signature of the form (4). Then every automorphism α ∈ AutΛ is a composition
α = ι ◦ α0 ◦ ϕN2 ◦ ϕε11 ◦ ψM2 ◦ ψε21 ,
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where ι ∈ InnΛ,α0 represents an element ofOut0Λ andϕ1,ϕ2,ψ1,ψ2 are the automorphisms defined above, N ∈ {0, . . . , s−1},
M ∈ {0, 1, 2}, and εi ∈ {0, 1}.
Proof. This is a straightforward consequence of the exactness of the sequences
1→ InnΛ→ AutΛ→ OutΛ→ 1, 1→ Out0Λ→ OutΛ→ K ×ΣC → 1,
where K is a subgroup ofΣ3, andΣC (if non-trivial) is generated by τ1 and/or τ2. 
Remark 4.7. Suppose θ1, θ2:Λ → G are two smooth epimorphisms that are equivalent via α ∈ AutΛ and β ∈ AutG,
so that θ2α = βθ1. If α = ια′ for some ι ∈ InnΛ, then θ2α′ = β ′θ1, where β ′ = ι′β for some ι′ ∈ InnG. Indeed, if ι is
conjugation by λ ∈ Λ, then ι′ is conjugation by θ2(λ−1). Thismeans that, in order to classify epimorphisms, wemay consider
that the inner automorphism ι in Lemma 4.6 is trivial.
Proposition 4.8. Suppose thatΛ has one of the following signatures:
(0;+; [−]; {C}) or (0;+; [m]; {C}) or (0;+; [−]; {C, (−)}) or (1;−; [−]; {C}),
where C = (n1, . . . , ns) and s ≥ 3. Then Out0Λ is trivial.
Proof. The orbifold S = U/Λ is a disc with zero or one cone point, or an annulus, or a Möbius band, with s corner points on
one component b of ∂S. Suppose that f ∈ H(S) fixes each corner point. Since s ≥ 3, f preserves orientation of b and it can
be isotoped inH(S) to a homeomorphism equal to the identity on b. We claim that such homeomorphism is isotopic to the
identity in H(S). This follows from Alexander’s Theorem (see Theorem 5.2 in [10]) if S is a disc, from Theorem 3.1 in [10]
if S is a Möbius band, or from the proof of Theorem 5.6 in [10] if S is an annulus. Thus PM(S) is trivial, and therefore so is
Out0Λ, by Corollary 4.4. 
Example 4.9. There are many examples of a group G acting in inequivalent ways on bordered surfaces of genus p ≤ 6 with
one of the signatures occurring in Proposition 4.8; see the tables in Sections 5.2 and 5.3. Let us examine the following actions
of D4 = 〈u, v | u2, v2, (uv)4〉 on topological type (4, 1,−). Other examples can be analysed in the same way.
Suppose thatΛ has signature (0;+; [2]; {(2, 2, 4)}) and consider the two bordered smooth epimorphisms θ1, θ2:Λ→
D4 defined on the canonical generators (x1, c0, c1, c2, c3, e1) by the following generator vectors:
θ1: (u, u, 1, v, u, u), θ2: (u, vuv, 1, v, vuv, u).
We claim that these are inequivalent actions, as indicated in the corresponding table in Section 5.3. For suppose that there
exist α ∈ AutΛ and β ∈ AutG such that θ2α = βθ1. By Lemma 4.6 and Proposition 4.8, the automorphism α is of the form
α = ι ◦ ϕε11 ,where ι ∈ InnΛ, ε1 ∈ {0, 1} and ϕ1 is defined on the canonical generators ofΛ by
ϕ1 : (x1, e1c2e1, e1c1e1, c3, c2, e1).
By Remark 4.7 we may assume that ι is trivial. Observe that α(x1) = x1 and so β(u) = βθ1(x1) = θ2α(x1) = θ2(x1) = u.
On the other hand, we also have β(u) = βθ1(c3) = θ2α(c3), which equals either θ2(c3) = vuv or θ2(c2) = v, giving a
contradiction in both cases.
Proposition 4.10. Suppose thatΛ has one of the following signatures:
(a) (0;+; [m]; {(2, 2)}), (b) (0;+; [m]; {(−), (−)}), (c) (0;+; [−]; {C, (−)}),
(d) (1;−; [−]; {(2, 2)}), (e) (0;+; [m1,m2]; {(−)}),
where C = (n) or C = (n1, n2). Then Out0Λ has order 2.
Proof. Suppose that f ∈ H(S) fixes each cone and corner point, and preserves orientation of S if S is orientable, or preserves
orientation of ∂S in case (d). We claim that any such homeomorphism is isotopic to the identity inH(S). For signatures (a)
to (d) this follows from the same argument as in the proof of Proposition 4.8. If Λ has signature (e), then PM+(S) can be
identified with the pure mapping class group of a sphere with three punctures, which is well-known to be trivial. In each
caseH(S) contains an orientation-reversing homeomorphism, so PM(S) has order 2. By Corollary 4.4, Out0Λ has at most
two elements. To finish the proof it suffices to find one automorphism ofΛ that is not inner.
We define η on the canonical generators by
η(d1) = d−11 , η(x1) = e−11 x−12 x−11 x2e1, η(x2) = e−11 x−12 e1,
η(c10) = c11, η(c11) = c10, η(c12) = e−11 c11e1,
η(e1) = e−11 , η(c20) = d−21 c20d21, η(e2) = d−21 e−12 d21.
Note that η fixes the conjugacy classes of Hj = 〈xj〉 and Gi = 〈c1(i−1), c1i〉 for i, j ∈ {1, 2}; hence η represents an element of
Out0Λ. To see that η is not inner, it suffices to check that e1 is not conjugate to e−11 , as they represent distinct elements in
the abelianisation H1(Λ). This is not true whenm = 2 in case (a) or whenm1 = m2 = 2 in case (e), but then the signatures
define euclidean groups (rather than proper NEC groups). 
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Example 4.11. The two actions of D3 = 〈u, v | u2, v2, (uv)3〉 with signature (0;+; [−]; {(2, 2), (−)}) on topological type
(4, 3,+), defined on the canonical generators (c10, c11, c12, e1, c20, e2) by the generator vectors
θ1 : (u, 1, u, 1, v, 1), θ2 : (u, 1, v, uv, 1, vu),
are inequivalent. Indeed, suppose that θ2α = βθ1. Then, by Lemma 4.6, Remark 4.7 and Proposition 4.10 we may assume
that α = ηε ◦ ϕε22 where ε, ε2 ∈ {0, 1}, and η, ϕ2 are defined by
η : (c11, c10, e−11 c11e1, e−11 , c20, e−12 ), ϕ2 : (c11, c12, e1c11e−11 , e1, c20, e2).
As α(c20) = c20 for all α,we have θ2α(c20) = θ2(c20) = 1. On the other hand, βθ1(c20) = β(v) 6= 1.
Proposition 4.12. Suppose thatΛ is an NEC group with signature
(1;−; [m]; {(−)}).
ThenOut0Λ is the Klein 4-group and it is generated by the classes of automorphisms ϕ andψ defined on the canonical generators
by
ϕ(x1) = x−11 , ϕ(d1) = x−11 d−11 x1, ϕ(c0) = c0, ϕ(e1) = e−11 ; and
ψ(x1) = x1, ψ(d1) = x−11 d−11 , ψ(c0) = x−11 d−11 c0d1x1, ψ(e1) = x−11 d−11 e−11 d1x1.
Proof. The orbifold S = U/Λ is a Möbius band with one cone point. The group PM(S) may be identified with the pure
mapping class group of the projective plane with two punctures, which has order 4 (by Corollary 4.6 in [14]). It follows from
Corollary 4.4 that OutΛ = Out0Λ has order at most 4. It is easy to check that ϕ and ψ are automorphisms that induce
distinct non-trivial automorphisms of H1(Λ), and thus they represent distinct elements of order 2 in Out0Λ. 
Example 4.13. The two actions of C6 = 〈u | u6〉 with signature (1;−; [6]; {(−)}) on topological type (6, 1,−), defined on
the canonical generators (d1, x1, c0, e1) by the generator vectors
θ1 : (1, u, 1, u5), θ2 : (u2, u, 1, u),
are inequivalent. Indeed, suppose that θ2α = βθ1. Then, by Lemma 4.6, Remark 4.7 and Proposition 4.12 we may assume
that α = ϕε1 ◦ ψε2 where ε1, ε2 ∈ {0, 1}, and ϕ,ψ are defined in Proposition 4.12. It is easy to see that θ2α(d1) 6= 1 for all
α; but on the other hand, βθ1(d1) = 1.
Proposition 4.14. Suppose thatΛ is an NEC group with signature
(0;+; [m1,m2]; {(2, 2)}).
Then Out0Λ is generated by the classes of automorphisms τ and η defined on the canonical generators by
τ(e1) = e1, τ (xi) = e1xie−11 , τ (cj) = cj, for i = 1, 2, j = 0, 1, 2;
η(e1) = e−11 , η(x1) = x−11 , η(x2) = e−11 x−12 e1, η(c0) = e1c1e−11 , η(c1) = c2, η(c2) = c1,
and satisfying the relations η2 = (ητ)2 = 1.
Proof. Let us identify S = U/Λ with the unit disc in R2, and assume that the corner points are (0,−1), (0, 1), while the
cone points are (0, 0) and (0, 1/2). Let h be the right Dehn twist about ∂S. Suppose that f ∈ H(S) preserves orientation
and fixes each orbifold point. After composition with some power of h and an isotopy inH(S), we may assume that f is the
identity on ∂S ∪ I , where I = {(0, y) | 0 ≤ y ≤ 1}. It follows that f ∈ I(S) by cutting S along I and applying Alexander’s
theorem. Thus PM+(S) is generated by the isotopy class of h, and PM(S) is generated by the isotopy classes of h and any
orientation-reversing homeomorphism k, that may be taken to be the reflection (x, y) 7→ (−x, y). Then, by the well-known
properties of Dehn twists, we have
PM(S) = 〈h, k | k2 = (kh)2 = 1〉. (5)





2, 1, γ0, γ1, γ2, 
′
1
in clockwise order, where x1, x2 are the rotations about vertices of F such that xi(ξ ′i ) = ξi for i = 1, 2, and e1 is an
orientation-preserving transformation of U such that e1(′1) = 1, and cj is the reflection about γj for j = 0, 1, 2. We
denote by P the vertex of F between γ1 and γ2, and the remaining vertices by Q , R, T , R′,W , R′′,Q ′, Z in clockwise order.
We may assume that p(P) = (0,−1), p(Z) = (0, 1), p(T ) = (0, 0), p(W ) = (0, 1/2), p(Q ) = p(Q ′) = (−1, 0) and
p(R) = p(R′) = p(R′′) = (−1/2, 0), where p:U → S is the canonical projection. Also let δ1 and δ2 be the diagonals in F
from R′ to R and from R′′ to R′ respectively.
Recall that S0 = S\{p(T ), p(W )}, S0 = S0\∂S and U0 = p−1(S0). If X is the connected component of U0 containing the
interior of F , then we have the isomorphism
ϕP :ΛX → pi1(S0, p(P))/p∗(pi1(X, P))
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defined in the last paragraph before the proof of Theorem 4.2. Observe that x1, x2, e1 ∈ ΛX and P is connected to e1(P) in X




2 ), where γ
−1
i means that we travel along γi in the anticlockwise direction. Let α denote
the projection of this path to S0, so that ϕP(e1) = [α]. Similarly, P is connected to x1(P) by the path γ2(′1)−1x1(δ1′1γ−12 ),




1 δ2x2(1γ0γ1). Let β1 and β2 denote the projections of these paths, respectively, and observe that
βi is a loop going once around the puncture obtained by deleting the cone point of ordermi from S, while α goes once around
the boundary. We have
pi1(S0, p(P))/p∗(pi1(X, P)) = 〈α, β1, β2 |βm11 = βm22 = β1β2α = 1〉.
Let us denote this group by pi , and observe that it is the free product of two cyclic groups.
The mapping class group PM(S) acts on pi by
h∗[α] = [α], h∗[βi] = [αβiα−1], for i = 1, 2;
k∗[α] = [α−1], k∗[β1] = [β−11 ], k∗[β2] = [α−1β−12 α].
It can be checked, using the normal form in a free product and the presentation (5), that the homomorphism PM(S) →
Autpi is injective.
Let f1, f2:U → U be homeomorphisms such that τ(g) = f1gf −11 and η(g) = f2gf −12 for g ∈ Λ. Since τ and η preserve〈c1, c2〉, we know that f1 and f2 fix P . The action of the induced homeomorphisms of S on pi can be read from the formula
(2), namely
(f ′1)∗ = ϕPτϕ−1P = h∗, (f ′2)∗ = ϕPηϕ−1P = k∗,
to deduce (using the injectivity of PM(S) → Autpi ) that f ′1 and f ′2 are isotopic to h and k respectively. By Corollary 4.5,
Out0Λ is generated by the classes of τ and η. Checking the relations η2 = (ητ)2 = 1 is straightforward. 
Example 4.15. The actions of D4 = 〈u, v | u2, v2, (uv)4〉with signature (0;+; [2, 2]; {(2, 2)}) on topological type (5, 4,+)
that are defined on the canonical generators (x1, x2, c0, c1, c2, e1) ofΛ by the generator vectors
θ1: (u, vuv, v, 1, v, (uv)2), θ2: (u, u, v, 1, v, 1)
are inequivalent. Indeed, suppose that there exist α ∈ AutΛ, β ∈ AutG such that θ2α = βθ1. By Lemma 4.6, Remark 4.7 and
Proposition 4.14, we may assume that α is of the form α = τ n ◦ η1 ◦ ϕ22 ◦ ψ31 , where n ∈ Z, i ∈ {0, 1}, and τ , η, ϕ2, ψ1
are defined on the canonical generators ofΛ by
τ : (e1x1e−11 , e1x2e
−1




1 , c2, c1, e
−1
1 ),
ϕ2: (x1, x2, c1, c2, e1c1e−11 , e1), ψ1: (x1x2x1, x1, c0, c1, c2, e1).
Now observe that θ2α(xi) = u for i = 1, 2, while θ1(x1) 6= θ1(x2), a contradiction.
Proposition 4.16. Suppose thatΛ is an NEC group with signature
(0;+; [m1,m2]; {(2, 2, n)}).
Then Out0Λ is generated by the class of the automorphism τ defined on the canonical generators by
τ(e1) = e1, τ (xi) = e1xie−11 , τ (cj) = cj, for i = 1, 2, and j = 0, 1, 2, 3.
Proof. As in the proof of Proposition 4.14, if f ′ ∈ H(S) is a homeomorphism induced by the automorphism τ , then f ′ is
isotopic to the Dehn twist h about ∂S, which generates PM(S) = PM+(S). The proposition follows from Corollary 4.5. 
Example 4.17. The actions of D3 = 〈u, v | u2, v2, (uv)3〉 with signature (0;+; [2, 2]; {(2, 2, 3)}) on topological type
(6, 1,−) that are defined on the canonical generators (x1, x2, c0, c1, c2, c3, e1) by the generator vectors
θ1: (u, v, u, 1, v, vuv, vu), θ2: (u, u, v, 1, vuv, v, 1), θ3: (u, u, u, 1, v, u, 1)
are inequivalent. By Lemma 4.6, Remark 4.7 and Proposition 4.16, we may assume that every automorphism α ∈ AutΛ is
of the form α = τ n ◦ ϕ11 ◦ ψ21 ,where n ∈ Z, i ∈ {0, 1}, and τ , ϕ1, ψ1 are defined on the canonical generators by
τ : (e1x1e−11 , e1x2e
−1
1 , c0, c1, c2, c3, e1), ψ1: (x1x2x1, x1, c0, c1, c2, c3, e1),








1 , c2, e
−1
1 ).
By repeating the argument from Example 4.15, it can be checked that θ1 is equivalent neither to θ2 nor to θ3. Suppose now
that there exist α ∈ AutΛ and β ∈ AutG such that θ3α = βθ2. Since θ3τ = θ3, we may assume that n = 0. Thus α is ψ1 or
ϕ1 or their composite. In each case it can be checked that θ3α = βθ2 cannot hold for any β .
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Table 2
Branching data and vectors of canonical generators.
Signature Branching data Canonical generators
σ1 = (0;+; [−]; {(2, 2, n3, n4)}) (2, 2, n3, n4) (c0, c1, c2, c3, c4)
σ2 = (0;+; [−]; {(2, 2, n3, n4, n5)}) (2, 2, n3, n4, n5) (c0, . . . , c5)
σ3 = (0;+; [−]; {(2, 2, n3, . . . , n6)}) (2, 2, n3, . . . , n6) (c0, . . . , c6)
σ4 = (0;+; [−]; {(2, 2, n3, . . . , n7)}) (2, 2, n3, . . . , n7) (c0, . . . , c7)
σ5 = (0;+; [m]; {(2, 2)}) [m]; (2, 2) (x1, c0, c1, c2, e1)
σ6 = (0;+; [m]; {(2, 2, n3)}) [m]; (2, 2, n3) (x1, c0, . . . , c3, e1)
σ7 = (0;+; [m]; {(2, 2, n3, n4)}) [m]; (2, 2, n3, n4) (x1, c0, . . . , c4, e1)
σ8 = (0;+; [m]; {(2, 2, n3, n4, n5)}) [m]; (2, 2, n3, n4, n5) (x1, c0, . . . , c5, e1)
σ9 = (0;+; [m1,m2]; {(−)}) [m1,m2]; (−) (x1, x2, c0, e1)
σ10 = (0;+; [m1,m2]; {(2, 2)}) [m1,m2]; (2, 2) (x1, x2, c0, c1, c2, e1)
σ11 = (0;+; [m1,m2]; {(2, 2, n3)}) [m1,m2]; (2, 2, n3) (x1, x2, c0, . . . , c3, e1)
σ12 = (0;+; [m1,m2,m3]; {(−)}) [m1,m2,m3]; (−) (x1, x2, x3, c0, e1)
σ13 = (0;+; [−]; {(n), (−)}) (n), (−) (c10, c11, e1, c20, e2)
σ14 = (0;+; [−]; {(n1, n2), (−)}) (n1, n2), (−) (c10, c11, c12, e1, c20, e2)
σ15 = (0;+; [−]; {(n1, n2, n3), (−)}) (n1, n2, n3), (−) (c10, . . . , c13, e1, c20, e2)
σ16 = (0;+; [−]; {(2, 2), (n)}) (2, 2), (n) (c10, c11, c12, e1, c20, c21, e2)
σ17 = (0;+; [m]; {(−), (−)}) [m]; (−), (−) (x1, c10, e1, c20, e2)
σ18 = (0;+; [m]; {(n), (−)}) [m]; (n), (−) (x1, c10, c11, e1, c20, e2)
σ19 = (1;−; [−]; {(2, 2)}) 1;−; (2, 2) (d1, c0, c1, c2, e1)
σ20 = (1;−; [−]; {(2, 2, n3)}) 1;−; (2, 2, n3) (d1, c0, c1, c2, c3, e1)
σ21 = (1;−; [m]; {(−)}) 1;−; [m]; (−) (d1, x1, c0, e1)
5. Group actions for small genus
In this section we classify the actions of groups of order at least 6, up to topological equivalence, on bordered surfaces
(both orientable and non-orientable) of algebraic genus p between 2 and 6. The action of a finite group G on a bordered
surface Smay be constructed bymeans of an NEC groupΛ and a bordered smooth epimorphism θ : Λ→ G, as explained in
Section 2. Since a presentation forΛ is given by its signature, we first have to find all possible signatures forΛ. This can be
achieved in a straightforward way bymeans of the Riemann–Hurwitz formula and Lemma 3.1. In fact, applying this formula
toΛ and ker θ yields






IfΛ has signature (1) then the condition k ≥ 1 gives two possibilities, namely α = 2, g = 0 or α = g = 1. For example, let
us suppose α = g = 1. In this case, µ(Λ) ≤ 5/6 implies k = 1 and so∑(1− 1/mi)+∑(1− 1/nj)/2 ≤ 5/6. In addition,
the unique period cycle must be empty or contain two consecutive periods equal to 2, by Lemma 3.1. It follows that the
unique possible signatures forΛ are (1;−; [−]; {(2, 2)}), (1;−; [−]; {(2, 2, n)})with n ≤ 3, and (1;−; [m]; {(−)})with
m ≤ 6. Amore laborious study in the case α = 2, g = 0 gives us the complete list of all the possible signatures forΛ. These
appear in the first column in Table 2.
If the action of a finite group G on a surface S is described bymeans of a bordered smooth epimorphismΛ→ G, then the
branching data of the canonical projection S → S/G are collected in the signature of Λ. Clearly, different branching data
correspond to different actions, although the converse is not true. We define the branching data of such an action to be the
signature ofΛ. To save space, the branching data of group actions corresponding to signatures with g = 0 are represented
by (n1, . . . , ns) if there are no proper periods, and by [m1, . . . ,mr ]; (n1, . . . , ns) otherwise. Similar abbreviations are used
for the other signatures, and they appear in the second column in Table 2.
Inequivalent group actions on the same surface with the same branching data are detected by means of their generator
vectors.Recall from Section 2 that the vector of canonical generators of theNEC groupΛ is a specific ordered set of generators
of Λ, and the images of the elements of this ordered set under any bordered smooth epimorphism from Λ onto a group G
is then called the generator vector for the corresponding action of G. The ordering that we have chosen for the vector of
canonical generators of the NEC groupΛ depends only on its signature, and is shown in the third column in Table 2. Observe
that we have included some redundant generators that can be written in terms of other generators; for instance, when the
signature is (1;−; [m]; {(−)}) we have x1 = (e1d21)−1, but we prefer to say that the NEC group is generated by elements
d1, x1, c0, e1 satisfying the relations xm1 = c20 = 1, c0 = e1c0e−11 and x1e1d21 = 1. This is for the reader’s convenience, as it
makes the later tables more uniform.
To find all possible actions (up to equivalence) with a given signature and up to a given algebraic genus p, we take an
NEC groupΛwith that signature, find all normal subgroups of up to the appropriate index inΛ, and eliminate those which
cannot be the kernel of a bordered smooth epimorphism. The relation between the algebraic genus and the index in Λ is
given by the Riemann–Hurwitz formula, the first being a linear function of the second.
In order to find such normal subgroups, one can use recent variants of the well-established algorithm (due to Sims et al.)
for determining subgroups of up to a given index in a finitely presented group. One possibility (the one that we used to
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obtain the results given in this section) is the lowx computer program, as described in [9]. This involves a back-track
search through a tree, with nodes at level k corresponding to certain subgroups generated by conjugacy classes of k distinct
elements. Another, faster, version is the new LowIndexNormalSubgroups process developed recently by Derek Holt and
his student David Firth (at the University of Warwick) and available in the computational algebra system Magma [3]. The
latter process can find normal subgroups of index up to 100,000 by systematic enumeration of possibilities for a composition
series of the quotient.
In practice, the application of eithermethod for findingnormal subgroups of small index in anNECgroupΛwith relatively
few generators and relations takes very little time indeed. One can obtain all normal subgroupsΓ of up to the specified index
in Λ, together with a set of representatives of conjugacy classes of elements generating each one (or equivalently a set of
additional relators which yield the associated factor groupΛ/Γ when adjoined to the presentation ofΛ), along with a coset
table indicating the natural permutation representation of Λ on the cosets of the normal subgroup Γ in each case. From
the information provided it is then a simple matter to calculate the orders of the images of particular elements of Λ in the
quotient group G = Λ/Γ and other properties of the epimorphismΛ→ Λ/Γ . In particular, we determine which normal
subgroups Γ can be the kernel of a bordered smooth epimorphism θ : Λ→ Λ/Γ , obtaining therefore the list of all finite
groups G = Λ/Γ acting with signature σ(Λ) on the corresponding surface. For each such subgroup Γ we then determine
the algebraic genus and other parameters of the corresponding action of G (see below).
For example, consider an NEC group Λ with signature σ5 = (0;+; [m]; {(2, 2)}) for some m ≥ 3. This group Λ can be
generated by five elements x1, c0, c1, c2, e1 subject to the defining relations xm1 = c20 = c21 = c22 = (c0c1)2 = (c1c2)2 = 1,
e1c0e−11 = c2 and x1e1 = 1; or more simply, by x, c0 and c1 subject to xm = c20 = c21 = (c0c1)2 = (c1x−1c0x)2 = 1. The
Riemann–Hurwitz formula gives
p− 1 = |G|(0+ 1− 2+ (1− 1/m)+ (1− 1/2)/2+ (1− 1/2)/2) = |G|(m− 2)/2m
and hence for genus p ≤ 6 we have |G| ≤ 10m/(m − 2) ≤ 30. Using the low index normal subgroups process described
in [9], it takes only seconds to find all normal subgroups Γ of index up to 30 in this group in the case where m = 3. Then,
usingMagma [3], it takes just a few seconds more to check the properties of the epimorphism θ : Λ→ Λ/Γ for each one.
In fact whole families of possibilities forΛ can be considered at once, by discarding one or more generators or relations.
For instance, discarding the relation xm = 1 in the above example gives another finitely presented group (having the given
NEC groupΛ as a quotient), to which the same computational methods can be applied. It still takes only seconds to find all
normal subgroups of index up to 30, and the subsequentMagma computation can determine for each normal subgroup the
order of the image of x in the corresponding quotient, for use as the value ofm in the Riemann–Hurwitz formula.
Similarly, rather than checking for those normal subgroups that are bordered surface groups, we can ensure in advance
that we have a bordered surface group as kernel by forcing one of the generators cij into the kernel. This is equivalent to
killing that generator in the presentation of the NEC group, and gives rise to an even simpler presentation. As an illustration,
for the signature σ5 = (0;+; [m]; {(2, 2)}) considered above, we can kill the generator c1, leaving a group with just two
generators x and c subject to the defining relations xm = c2 = 1. The same computational approach can be taken for this
group (with or without the relation xm = 1) as above.
For each normal subgroup Γ of Λ, the topological type of the bordered surface U/Γ on which G = Λ/Γ acts is
easily determined as follows. The algebraic genus p is given by the Riemann–Hurwitz formula; the number k of boundary
components can be found from a presentation of the normal subgroup Γ (obtainable using the Reidemeister–Schreier
process), or more directly using the method described in [6, Section 2.3]; and the orientability  is+ if the image θ(Λ+) of
the canonical Fuchsian subgroupΛ+ ofΛ has index 2 in G, or− if that index is 1.
Again, for illustration, we consider the case of the signature σ5 = (0;+; [m]; {(2, 2)}). The group 〈x, c | c2 = 1 〉 has
110 normal subgroups of index up to 30, but only 23 of them are the kernel of some bordered surface epimorphismΛ→ G
corresponding to an action of the quotient G on a surface of algebraic genus between 2 and 6 inclusive. In fact there are
three, four, four, seven and five different normal subgroups for algebraic genus 2, 3, 4, 5 and 6 respectively. For genus 2,
the quotients via the three normal subgroups are C4, C6 and D3, with the order m of the image of the generator x in the
quotient being 4, 3 and 3 respectively. (As these three quotients are non-isomorphic, equivalence of actions does not need
to be checked.) These three normal subgroups give actions on surfaces of topological type (2, 2,−), (2, 3,+) and (2, 1,+)
respectively. For genus 6, the quotients via the five normal subgroups are C12, C14,D7, Hol(C5) ∼= C5oC4 andHol(C5), with the
orderm of the image of the generator x in the quotient being 12, 7, 7, 4 and 4, respectively. (Of these, just the last two need
to be checked for possible equivalence; in fact, they are equivalent under the outer automorphism that takes x to x−1 and c
to c.) Hence we get just four actions, on surfaces of topological type (6, 6,−), (6, 7,+), (6, 1,+) and (6, 2,−) respectively.
To enumerate actions up to equivalence, it is still necessary to take care of normal subgroups that are conjugate to at
least one other by some automorphism α ∈ AutΛ of the given NEC groupΛ. At this point, results from Section 4 play a key
role. Lemma 4.6 provides a decomposition of α as α = ι ◦ α0 ◦ α1 where ι ∈ InnΛ, α0 ∈ Out0Λ and α1 runs over a finite
list of automorphisms explicitly described before Lemma 4.6. By Remark 4.7, we may assume that the inner automorphism
ι is trivial. Propositions 4.8, 4.10 and 4.12 give an explicit description of the outer automorphism α0 for each NEC group Λ
whose signature occurs in Table 2, except for those with signature σ10, σ11, σ12, σ16 or σ18. These propositions show that
Out0Λ is finite (and very small indeed), and so looking for conjugate normal subgroups is easy in these cases. For the above
example, by Proposition 4.10 this is simply a matter of checking whether the outer automorphism taking x to x−1 and c0 to
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c0 (and c1 to x2c1x−2) conjugates the normal subgroup to a different one, and again this is easily done by computation (with
the help of the coset table). Other examples can be handled similarly.
If the signature ofΛ is σ10, σ11, σ12, σ16 or σ18, then it is still easy to look for normal subgroups that are conjugate by some
automorphismα1 in the finite list given before Lemma4.6. After eliminating generator vectors that are equivalent to another
one under some α1, there are still examples of groups G acting (on the same topological type and with the same signature)
with different generator vectors. To decide whether these are equivalent or not, we have to deal with outer automorphisms
α0 ∈ Out0Λ. In contrast to the cases in the paragraph above, the group Out0Λ is infinite for these five signatures, and so
our computational methods do not apply here.
If Λ has signature σ10 or σ11, explicit generators for Out0Λ are given in Propositions 4.14 and 4.16. These were used to
show inequivalence of two generator vectors of D4 acting on topological type (5, 4,+), as in Example 4.15, and similarly
for three generator vectors of D3 acting on topological type (6, 1,−), as in Example 4.17. There are no other instances of
different generator vectors for the same group G acting on the same topological type with signature σ10 or σ11.
As for σ12, σ16 and σ18, there are nine pairs of different generator vectors (θ1, θ2) for the same group G acting on the
same topological type with any of these signatures, namely those occurring in Examples 5.1 below. For NEC groupsΛwith
any of these three signatures, the infinite group Out0Λ can also be described explicitly using the same method as in the
proof of Proposition 4.14. Such a description is not necessary for our purposes, however, since it turns out that θ1 and θ2 are
equivalent for each of these nine pairs. Indeed, in each case there exist α ∈ AutΛ and β ∈ AutG such that θ2α = βθ1, as
we show.
Examples 5.1. In each of the nine cases below, the smooth epimorphisms θ1, θ2:Λ→ G yield actions of the given groupGon
a bordered surface of the given topological type, that are equivalent via the given automorphisms α ∈ AutΛ and β ∈ AutG.
The vector of canonical generators of the group Λ is the one given in Table 2, and the automorphism α is specified just by
the image of such vector. In all cases a presentation for the dihedral group Dn is 〈u, v | u2, v2, (uv)n〉.
(1) σ(Λ) = (0;+; [2, 2, 2]; {(−)}); G = D3;
θ1: (u, u, v, 1, v) and θ2: (u, v, vuv, 1, v);
these give equivalent actions on topological type (4, 3,+) via the automorphisms
α: (x1, x2x3x2, x2, c0, e1) and β = identity.
(2) σ(Λ) = (0;+; [2, 2, 2]; {(−)}); G = D4;
θ1: (u, u, v, 1, v) and θ2: (u, vuv, v, 1, uvu);
these give equivalent actions on topological type (5, 4,+) via the automorphisms
α: (x1, x3x2x3, x3, x1c0x1, x1e−11 x1) and β = identity.
(3) σ(Λ) = (0;+; [2, 2, 2]; {(−)}), G = D5;
θ1: (u, u, v, 1, v) and θ2: (u, v, uvu, 1, (uv)2u);
these give equivalent actions on topological type (6, 5,+) via the automorphisms
α: (x1x3x1, x2, x1, x1x3c0x3x1, x1x3e1x3x1) and β : (u, v) 7→ (v, u).
(4) σ(Λ) = (0;+; [2, 3, 3]; {(−)}); G = D3;
θ1: (u, uv, uv, 1, vuv) and θ2: (u, uv, vu, 1, u);
these give equivalent actions on topological type (6, 3,+) via the automorphisms
α: (x1, x1x3x1, x2, x3c0x−13 , x3e1x
−1
3 ) and β = identity.
(5) σ(Λ) = (0;+; [2, 2, 3]; {(−)}); G = D3;
θ1: (u, u, uv, 1, vu) and θ2: (u, v, uv, 1, uv);
these give equivalent actions on topological type (5, 2,+) via the automorphisms




3 x1e1x1x3) and β = identity.
(6) σ(Λ) = (0;+; [−]; {(2, 2), (3)}); G = D3;
θ1: (u, 1, v, uv, u, uvu, vu) and θ2: (u, 1, v, uv, uvu, v, vu);
these give equivalent actions on topological type (6, 1,+) via the automorphisms
α: (c10, c11, c12, e1, e1c20e−11 , c20, e2) and β = identity.
(7) σ(Λ) = (0;+; [−]; {(2, 2), (3)}); G = D3;
θ1: (u, 1, v, uvu, u, v, uvu) and θ2: (u, 1, v, uvu, v, u, uvu);
these give equivalent actions on topological type (6, 1,−) via the automorphisms
α: (c10, c11, c12, e1, e1c20e−11 , c20, e2) and β = identity.
(8) σ(Λ) = (0;+; [2]; {(3), (−)}); G = D3;
θ1: (u, u, v, uv, 1, v) and θ2: (u, v, vuv, uv, 1, v);
these give equivalent actions on topological type (6, 3,+) via the automorphisms
α: (x1, e−11 c10e1, c10, e1, c20, e2) and β = identity.
(9) σ(Λ) = (0;+; [2]; {(3), (−)}); G = D3;
θ1: (u, u, v, uvu, 1, uv) and θ2: (u, v, u, vuv, 1, uv);
these give equivalent actions on topological type (6, 2,−) via the automorphisms




1 ) and β: (u, v) 7→ (v, u).
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The resulting classification of group actions is given in the following tables. The tables that summarise the group actions
on surfaces of genus 5 and 6 are too large to be included in this paper, but are available on request from any of the authors.
Instead, for genus 5 and 6 we have included Tables 3 and 4 which show just the number of inequivalent group actions for
each group G (of order 6 or more) acting on each topological type.
5.1. Group actions on bordered surfaces of genus 2
Inequivalent actions of groups of order 6 or more on topological type (2, 3,+)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [3]; (2, 2) (u2, u3, 1, u3, u4)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 3, 3) (u, 1, u, v, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [2, 3]; (−) (u, uv, 1, v)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 3) (u, 1, (uv)3, vuv, u)
Inequivalent actions of groups of order 6 or more on topological type (2, 1,+)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [2, 3]; (−) (u3, u2, 1, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 3, 3) (u, 1, v, uvu, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [3]; (2, 2) (vu, u, 1, v, uv)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 4) (u, 1, v, uvu, u)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 3) (u, 1, v, v(uv)3, u)
Inequivalent actions of groups of order 6 or more on topological type (2, 2,−)
G |G| Presentation Branch data Generator vector
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 4) (u, 1, (uv)2, v, u)
No group of order 6 or more acts on a bordered surface of topological type (2, 1,−).
5.2. Group actions on bordered surfaces of genus 3
Inequivalent actions of groups of order 6 or more on topological type (3, 4,+)
G |G| Presentation Branch data Generator vector
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 2, 2, 3) (u, 1, u, 1, v, u)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 (2, 2, 2, 2, 2) (u, 1, u, v, w, u)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 (2, 2, 2, 2, 2) (u, 1, v, 1, w, u)
C4 × C2 8 〈u | u4〉 × 〈v | v2〉 [4]; (2, 2) (u, v, 1, v, u3)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 4, 4) (u, 1, u, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 [2]; (2, 2, 2) (u, v, 1, v, uvu, u)
D4 8 〈u, v | u2, v2, (uv)4〉 [2, 4]; (−) (u, uv, 1, v)
D4 8 〈u, v | u2, v2, (uv)4〉 (2), (−) (u, vuv, v, 1, v)
A4 12 〈u, v | u2, v3, (uv)3〉 [2, 3]; (−) (u, v, 1, v2u)
D4 × C2 16 〈u, v | u2, v2, (uv)4〉 × 〈w |w2〉 (2, 2, 2, 4) (u, 1, w, v, u)
S4 24 〈u, v | u2, v3, (uv)4〉 (2, 2, 2, 3) (u, 1, vuv2, uv2uvu, u)
Inequivalent actions of groups of order 6 or more on topological type (3, 2,+)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [2, 6]; (−) (u3, u, 1, u2)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 2, 2, 3) (u, 1, v, 1, vuv, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (3), (−) (u, v, uv, 1, vu)
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Inequivalent actions of groups of order 6 or more on topological type (3, 2,+)
G |G| Presentation Branch data Generator vector
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 4, 4) (u, 1, vuv, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 2) (u, 1, v, 1, vuv, u)
D4 8 〈u, v | u2, v2, (uv)4〉 [4]; (2, 2) (uv, u, 1, vuv, vu)
D4 8 〈u, v | u2, v2, (uv)4〉 (2), (−) (u, vuv, uv, 1, vu)
C4 × C2 8 〈u | u4〉 × 〈v | v2〉 [2, 4]; (−) (v, u, 1, u3v)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 (2, 2, 2, 2, 2) (u, 1, v, u, w, u)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 (2, 2, 2, 2, 2) (u, 1, v, w, uvw, u)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 [2]; (2, 2, 2) (u, v, 1, w, v, u)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 6) (u, 1, vuv, uvu, u)
D4 × C2 16 〈u, v | u2, v2, (uv)4〉 × 〈w |w2〉 (2, 2, 2, 4) (u, 1, v, vw, u)
Inequivalent actions of groups of order 6 or more on topological type (3, 3,−)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [6]; (2, 2) (u, u3, 1, u3, u5)
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (2, 2, 3) (u, v, 1, v, uvu, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (3), (−) (u, vuv, v, 1, v)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 2) ((uv)2, 1, u, 1, v, (uv)2)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 6) (u, 1, (uv)3, v, u)
A4 12 〈u, v | u2, v3, (uv)3〉 [3]; (2, 2) (v, u, 1, uvuv2, v2)
S4 24 〈u, v | u2, v3, (uv)4〉 (2, 2, 2, 3) (u, 1, (uv)2, vuv2, u)
Inequivalent actions of groups of order 6 or more on topological type (3, 2,−)
G |G| Presentation Branch data Generator vector
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 2) ((uv)2, 1, u, (uv)2, v, (uv)2)
D4 8 〈u, v | u2, v2, (uv)4〉 [2]; (2, 2, 2) (u, (uv)2, 1, v, (uv)2, u)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 (2, 2, 2, 2, 2) (u, 1, v, uv,w, u)
C2 × C2 × C2 8 〈u | u2〉 × 〈v | v2〉 × 〈w |w2〉 (2, 2, 2, 2, 2) (u, 1, v, w, uw, u)
Inequivalent actions of groups of order 6 or more on topological type (3, 1,−)
G |G| Presentation Branch data Generator vector
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (2, 2, 3) (u, u, 1, v, u, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 2) (u, 1, v, (uv)2, vuv, u)
5.3. Group actions on bordered surfaces of genus 4
Inequivalent actions of groups of order 6 or more on topological type (4, 5,+)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 (2, 2), (−) (u3, 1, u3, u2, 1, u4)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 2, 2, 2, 2) (u, 1, u, 1, v, 1, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (−), (−) (u, 1, v, 1, vu)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, u, 1, v, u)
C10 10 〈u | u10〉 [5]; (2, 2) (u2, u5, 1, u5, u8)
D5 10 〈u, v | u2, v2, (uv)5〉 (2, 2, 5, 5) (u, 1, u, v, u)
D5 10 〈u, v | u2, v2, (uv)5〉 [2, 5]; (−) (u, uv, 1, v)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 2, 2) ((uv)3, 1, u, 1, vuv, (uv)3)
D10 20 〈u, v | u2, v2, (uv)10〉 (2, 2, 2, 5) (u, 1, (uv)5, vuv, u)
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Inequivalent actions of groups of order 6 or more on topological type (4, 3,+)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [3, 6]; (−) (u2, u, 1, u3)
C6 6 〈u | u6〉 (2, 2), (−) (u3, 1, u3, u2, u3, u4)
C6 6 〈u | u6〉 [2]; (−), (−) (u3, 1, u2, 1, u)
C6 6 〈u | u6〉 1;−; (2, 2) (u, u3, 1, u3, u4)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 3, 3, 3) (u, 1, u, v, vuv, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 2, 2, 2, 2) (u, 1, v, 1, vuv, 1, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [3]; (2, 2, 3) (uv, u, 1, u, vuv, vu)
D3 6 〈u, v | u2, v2, (uv)3〉 [2, 2, 2]; (−) (u, u, v, 1, v)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2), (−) (u, 1, u, 1, v, 1)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2), (−) (u, 1, v, uv, 1, vu)
D3 6 〈u, v | u2, v2, (uv)3〉 1;−; (2, 2) (u, v, 1, v, 1)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, vuv, 1, v, u)
C3 × C3 9 〈u | u3〉 × 〈v | v3〉 [3, 3]; (−) (u, v, 1, u2v2)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 3, 6) (u, 1, v(uv)2, v, u)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 2, 2) (u, 1, vuv, 1, v(uv)2, u)
D6 12 〈u, v | u2, v2, (uv)6〉; let z = (uv)3 (2, 2, 2, 2, 2) (z, 1, u, z, vuv, z)
D6 12 〈u, v | u2, v2, (uv)6〉; let z = (uv)3 [2]; (2, 2, 2) (u, z, 1, v, z, u)
D3 × C3 18 〈u, v | u2, v2, (uv)3〉 × 〈w |w3〉 [3]; (2, 2) (uvw, u,1, vuv,vuw2)
D3 × C3 18 〈u, v | u2, v2, (uv)3〉 × 〈w |w3〉 [2, 3]; (−) (u, uvw, 1, vw2)
Dih(C3 × C3) 18 〈u, v, w | u3, v3, w2, [u, v], (uw)2, (vw)2〉 (2, 2, 3, 3) (w, 1, uw, vw,w)
D3 × D3 36 〈u, v | u2, v2,(uv)3〉 × 〈w, t |w2, t2,(wt)3〉 (2, 2, 2, 3) (uw, 1, v, vt, uw)
Inequivalent actions of groups of order 6 or more on topological type (4, 1,+)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [3, 6]; (−) (u4, u, 1, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 3, 3, 3) (u, 1, v, u, v, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2, 3, 3, 3) (u, 1, v, u, vuv, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [3]; (2, 2, 3) (uv, u, 1, v, vuv, vu)
C8 8 〈u | u8〉 [2, 8]; (−) (u4, u, 1, u3)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, v, uvu, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, vuv, 1, v, uvu, u)
D4 8 〈u, v | u2, v2, (uv)4〉 [2]; (2, 2, 4) ((uv)2, u, 1, v, u, (uv)2)
C10 10 〈u | u10〉 [2, 5]; (−) (u5, u2, 1, u3)
D5 10 〈u, v | u2, v2, (uv)5〉 (2, 2, 5, 5) (u, 1, v, uvu, u)
D5 10 〈u, v | u2, v2, (uv)5〉 (2, 2, 5, 5) (u, 1, v, v(uv)2, u)
D5 10 〈u, v | u2, v2, (uv)5〉 [5]; (2, 2) (uv, u, 1, vuv, vu)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 3, 6) (u, 1, v, uvu, u)
D8 16 〈u, v | u2, v2, (uv)8〉 (2, 2, 2, 8) (u, 1, v, v(uv)4, u)
D10 20 〈u, v | u2, v2, (uv)10〉 (2, 2, 2, 5) (u, 1, v, v(uv)5, u)
Inequivalent actions of groups of order 6 or more on topological type (4, 4,−)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 (2, 2), (−) (u3, 1, u3, u, 1, u5)
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (2, 2, 2, 2) (u, v, 1, v, 1, uvu, u)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2), (−) (u, 1, vuv, v, 1, v)
C8 8 〈u | u8〉 [8]; (2, 2) (u, u4, 1, u4, u7)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, u, (uv)2, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, (uv)2, 1, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, (uv)2, 1, (uv)2, v, u)
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Inequivalent actions of groups of order 6 or more on topological type (4, 4,−)
G |G| Presentation Branch data Generator vector
A4 12 〈u, v | u2, v3, (uv)3〉 (2), (−) (u, vuv2, v, 1, v2)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 2, 2) ((uv)3, 1, u, 1, v, (uv)3)
D8 16 〈u, v | u2, v2, (uv)8〉 (2, 2, 2, 8) (u, 1, (uv)4, v, u)
S4 24 〈u, v | u2, v3, (uv)4〉 (2, 2, 2, 4) (u, 1, vuv2, (uv)2, u)
Inequivalent actions of groups of order 6 or more on topological type (4, 3,−)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 (2, 2), (−) (u3, 1, u3, u, u3, u5)
C6 6 〈u | u6〉 1;−; (2, 2) (u2, u3, 1, u3, u2)
D3 6 〈u, v | u2, v2, (uv)3〉 [2, 2]; (2, 2) (u, u, v, 1, v, 1)
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (−), (−) (u, v, 1, 1, u)
D3 6 〈u, v | u2, v2, (uv)3〉 1;−; [2]; (−) (u, v, 1, v)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 2, 2) ((uv)3, 1, u, (uv)3, v, (uv)3)
D6 12 〈u, v | u2, v2, (uv)6〉 [2]; (2, 2, 2) (u, (uv)3, 1, vuv, (uv)3, u)
Inequivalent actions of groups of order 6 or more on topological type (4, 2,−)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [2]; (−), (−) (u3, u3, u, 1, u2)
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (2, 2, 2, 2) (u, u, 1, v, 1, u, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [2]; (−), (−) (u, v, v, 1, vu)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, vuv, (uv)2, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, (uv)2, v, uvu, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, (uv)2, 1, v, uvu, u)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 2, 2) (u, 1, vuv, (uv)3, v(uv)2, u)
Inequivalent actions of groups of order 6 or more on topological type (4, 1,−)
G |G| Presentation Branch data Generator vector
C6 6 〈u | u6〉 [2]; (−), (−) (u3, u3, u2, 1, u)
C6 6 〈u | u6〉 1;−; [2]; (−) (u, u3, 1, u)
D3 6 〈u, v | u2, v2, (uv)3〉 [2, 2]; (2, 2) (u, v, u, 1, vuv, vu)
D3 6 〈u, v | u2, v2, (uv)3〉 (2, 2), (−) (u, 1, vuv, v, v, v)
D3 6 〈u, v | u2, v2, (uv)3〉 1;−; (2, 2) (uv, u, 1, v, uv)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, v, (uv)2, v, u)
D4 8 〈u, v | u2, v2, (uv)4〉 (2, 2, 2, 2, 4) (u, 1, v, (uv)2, uvu, u)
D4 8 〈u, v | u2, v2, (uv)4〉 [2]; (2, 2, 4) (u, u, 1, v, u, u)
D4 8 〈u, v | u2, v2, (uv)4〉 [2]; (2, 2, 4) (u, vuv, 1, v, vuv, u)
D6 12 〈u, v | u2, v2, (uv)6〉 (2, 2, 2, 2, 2) (u, 1, v, (uv)3, v(uv)2, u)
D6 12 〈u, v | u2, v2, (uv)6〉 [2]; (2, 2, 2) (u, v, 1, vuv, uvu, u)
5.4. Group actions on bordered surfaces of genus 5
There are 273 inequivalent actions of groups of order 6 or more on bordered surfaces of genus 5. The eight tables listing
them all are too large to be included here; the interested reader may obtain them from one of the authors. Table 3 gives the
number of inequivalent actions that each group of order 6 or more has on each bordered topological type. Presentations for
the groups Q4, Γ2b, Γ2c1, Γ2d, Γ3a2, Hol(C8) and Γ4a1 occurring in Table 3 are the following:
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Table 3
Number of inequivalent actions of groups of order 6 or more on topological type (5, k, ).
|G| G (k, ) = (6,+) (4,+) (2,+) (5,−) (4,−) (3,−) (2,−) (1,−)
6 C6 4 1 6 2 2
6 D3 5 3 10 5 4
8 C8 2 1 2 1
8 C4 × C2 1 6 3 2 5
8 C2 × C2 × C2 3 15 8 7 24
8 D4 4 15 8 3 10 3 21 7
8 Q4 1
10 C10 1 1
10 D5 1 3 2 2
12 C6 × C2 1 1
12 D6 7 1 10 3 2
12 A4 1 1
16 C2 × C2 × C2 × C2 1
16 D4 × C2 1 6 2 2 4





20 D10 1 1
24 D6 × C2 1 1
24 A4 × C2 1
24 S4 1 2
32 Γ4a1 1
32 Hol(C8) 1
48 S4 × C2 1 1
Table 4
Number of inequivalent actions of groups of order 6 or more on topological type (6, k, ).
|G| G (k, ) = (7,+) (5,+) (3,+) (1,+) (6,−) (5,−) (4,−) (3,−) (2,−) (1,−)
6 C6 1 1 2 2 2 3 2 4
6 D3 3 3 8 10 3 3 5 4 7
7 C7 1 3
8 C8 2
8 D4 3 3 7 3 7 4 16 7
9 C9 2
10 C10 1 2 1 1 2 1 2
10 D5 2 3 2 2 3 3 3
12 C12 2 1
12 C6 × C2 1
12 D6 1 1 6 6 3 4 2 4
12 A4 1 1
12 Q6 1
14 C14 1 1
14 D7 2 4
16 D8 2
18 D9 2
20 D10 1 2 1 1 2 1 2
20 Hol(C5) 1 1
24 D12 2 1
24 S4 1 1
24 C3 o D4 1
28 D14 1 1
60 A5 1
Q4 = 〈u, v | u4, u2v2, uvuv3〉; Γ2b = 〈u, v, w | u2, v2, w2, vuvwuw,wvwuvu〉;
Γ2c1 = 〈u, v | u4, v4, (uv)2, (u3v)2〉; Γ2d = 〈u, v | u8, v2, vuvu3〉;
Γ3a2 = 〈u, v | u8, v2, vuvu5〉; Hol(C8) = 〈u, v, w| u8, v2,w2,[v,w],(uv)2, wuwu3〉;
Γ4a1 = 〈u, v, w | u2, v2, w2, [u, v], [u, wuw], [u, wvw], [v,wvw]〉.
5.5. Group actions on bordered surfaces of genus 6
There are 216 inequivalent actions of groups of order 6 or more on bordered surfaces of genus 6. Again, the tables listing
them all are too large to be included here, so we give just the number of inequivalent actions that each group of order 6 or
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more has on each bordered topological type. These are shown in Table 4, where the following presentations are used:
Q6 = 〈u, v | u6, u3v2, uvuv3〉; Hol(C5) = 〈u, v | u5, v4, uvu2v3〉;
C3 o D4 = 〈u, v, w | u3, v2, w2, (vw)4, [u, v], (uw)2〉.
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